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We study the properties of vortex loops in the 3-d XY model. We nd that the phase transition in







The analogy between the 2-d XY model and its 3-d counterpart in the sense that both models
possess a phase transition at nite critical coupling 
c
, driven by vortices and anti-vortices, may one
lead to suspect that the behavior of the vortices and anti-vortices in the 3-d XY model is analogous to
the 2-d XY model.






, the vortices and anti-vortices are present with nite density, and behave eectively as free
particles. As the coupling approaches the critical coupling, the vortices and anti-vortices start to form
bound pairs, and may disappear from the system by annihilation, thereby decreasing the vortex density,





, the system is described by spin waves, while vortices and anti-vortices
are only present as tightly bound pairs at (very) low density [1].
If we impose periodic boundary conditions, we will nd that in the 3-d case the vortices and anti-
vortices will have to form closed loops. The importance of vortex loops on the phase transition of the
3-d XY model has been noted by [2]. The intuitive picture of the phase transition in the 3-d XY model
is that for couplings  > 
c
, there will be few small loops present in the system. As the coupling  is
lowered, several possibilities arise. Either the number of loops will increase while the length of the loops
remains (roughly) constant, or the length of the loops will increase, while this time the number of loops
reamins constant. Also an increase in both is possible.
We will study this picture of the phase transition by measuring properties of these vortex loops. A
preliminary account of this work is given in [3].
This paper is divided into sections as follows. In section 2, we will describe the 3-d XY model,
and introduce the vortex loops. After discussing some of their properties, we will dene the relevant
vortex loop correlation functions and distributions. Section 3 will be devoted to the presentation and
discussion of the results. In section 4, we will recapitulate these results and give a rened description
of the phase transition.
2 The 3-d XY Model


































;  < ; (2)
where [: : :] denotes the restriction to the interval<  ; ], yields the vortex number on the corresponding
plaquette P

































f(~x)  f(~x)  f(~x   ^):
This means that every point ~x on the dual lattice is visited by an even number of non-zero links j. On
a nite lattice, this implies that we nd closed loops, or clusters of closed loops.
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See also gure 1. This conguration has a vortex k = 1 on the right face, and an anti-vortex k =  1
on the top face. The -tensor conspires in such a way as to have the same sign for both non-zero k's,
leading to, dropping the tilde from now on:
j
1
(x) = 1; j
2















3) = 0: (6)
So we see that a single loop may consist of links j = 1, as well as links j =  1. Moreover, a link j = 1
may be related to a vortex or an anti-vortex. If we now assign a direction to the links j, we see that
the conservation law (4) implies that the number of links pointing to x is equal to the number of links
pointing away from x. Although for non-intersecting planar loops, we can distinguish between loops
going around in a clockwise fashion from loops going around in an anti-clockwise fashion, this becomes
impossible when these loops become non-planar, or intersect a number of times. Therefore, we shall
make no distinction whatsoever between dierent loops.























































(r) measures correlations between possibly dierent loops. C
s
also has a eld theoretic





















jx  yj = r
;
where the subscript C stands for `connected part'. From the fact that we can only have an even number
of links at each point x we can deduce that only four point and six point interactions are allowed.
Now, when we have to deal with percolating loops, i.e. loops wrapping around the lattice, we will
nd that C
s
(r) will tend to a constant for large separations r. This constant is of course related to the
density of these percolating loops.
However, for C
d
(r), this constant is cancelled by the second term in (7b). So, in general we expect












(y)'(y) >, i.e. eye-like
diagrams, see gure 2a, we expect from the dimensionality of the eld ' the parameter b to be equal to






in this expansion, see gure 2b, then it bears more resemblence to a bound state, and therefore we
expect b to be equal to 1.
In the spin wave phase, we expect the constant c in (7c) to be equal to zero. Then, if we do




, so in other words, if we nd the same values
for the parameters a and b, then both correlation functions measure the same type of correlations {
self-correlations. This then implies that the loops do not interact with one another.
In the vortex phase, we do expect dierent behavior when the vortex loops percolate, as then C
s
will tend to a constant for large separations, while this constant is absent for C
d
.
As there is nothing to prevent loops from intersecting, we expect loops to do so. However, there is no
clear way to distinguish between a self-intersecting loop and two loops touching one another. There are
several ways to deal with this problem. We feel that in such a case, we should average over all dierent
ways of dividing up such a loop. The reason is the following. If we start following a vortex loop we will
arrive at a point where two or three links are pointing outwards. We then have to decide which link to
follow. This choice will determine whether we follow the entire loop, or split the loop in two (or more)
smaller loops. This is most easily visualized by considering the shape 8. Arriving at the crossing we
have to decide in which direction to continue. One choice will lead to following the whole 8, the other
will lead to splitting the shape up into two small rings.
Having dened loops, we can also determine the distribution of loop lengths (l). Again, when
loops percolate, we expect loops of any length in the system, hence the distribution (l) will tend to a
(non-zero) constant for large lengths l.
3 Results
We used a 10 hit Metropolis algorithmwith site dependent step size, combined with  = 2 multigrid,
as described in detail in [7]. We made runs consisting of 10 batches of 100 measurements each, after
discarding 500 measurements for thermalization. The measurements were taken after each time the





from averaging over the 10 batches.
We made runs for  = 0:00 up to  = 1:00 in steps of  = 0:05, as well as runs with  = 0:01 for
 between 0.40 and 0.50. Two additional runs were made at  = 0:525 and at  = 0:575. The lattice









To dene a vortex loop, we choose the following strategy. We start at some point x
0
, which happens
to have a link j 6= 0. This point x
0
will obviously be on a vortex loop. We then scan in a prexed
order for the next point of the vortex loop, marking the connecting link as read. This search is repeated
until no more unread links are to be found. We have then returned to the starting point x
0
. We then
search for a next point x
1
, and repeat the procedure. If we visit some point x
0
, to which four (or six)
non-zero links are connected, there is the possibility that this self-intersecting loop will be split into two
(or more) dierent loops, depending on the geometry of the original, self-intersecting loop. Since the
system is isotropic, there is no preferred geometry, and this procedure will in eect average over the
dierent possibilities of splitting up loops (including no splits at all).




and the length distribution (l), we also measured
the average number of loops #, the average loop length , and the fractal dimension d
f
. The latter is










lattice, For  in the range  = 0:40 { 0:50. As can be
seen from this gure, there is a dierence in behavior between  < 
c












, but that for  > 
c






(r) to (7c), we nd the results as given in tables 1 to 4. It is interesting to note
that for  < 
c
the parameters a, b and d are relatively independent of , while only c does depend on
. As a matter of fact, c is monotonically decreasing for increasing . This means, since c is related to
the density of percolating loops, that also this density is decreasing for increasing , and vanishes when
c vanishes.






lattice at  = 0:30 and  = 0:55, respectively. It is
observed that C
d







fall o with the same exponent. We did not t C
d
to (7c) since there were not enough data
points to make a reasonable t.
In gure 5, we have shown the exponent a versus  in the range  = 0:35 to  = 0:60, for all four
lattice sizes. It can be seen from this gure that a starts to rise approximately linearly for   
c
, up
to   0:60. Figure 6a shows the constant c versus  for  = 0:00 to  = 0:60, while 6b shows c in the
range  = 0:35 to  = 0:50. We see that the results for both a and c for the lattice sizes N = 12 and
N = 16 are within one another's error bars.
The upshot of these results is that there is no clear sign for interaction between loops on either side of
the phase transition. In the spin wave phase, we see that C
s
(r) behaves identical to C
d
(r), while in the
vortex phase C
d
(r) falls o with a large exponent. An estimate from gure 4a gives C
d
(r)  exp(  15 r).
Focussing on C
s
, we see that the mass a vanishes in the vortex phase. From the fact that b  1:5,
we can deduce that the eld ' does form a bound state, albeit a weakly bound one. Finding a non-zero
value for c in the vortex phase, and a zero value in the spin wave phase means that the system undergoes
symmetry breaking, and the non-zero value of c indicates that a condensate has been formed.
The fact that the results for N = 12 are equal to the ones from N = 16 implies that we do not need
to study larger lattices if we are only interested in the behavior of vortex loops.
3.2 #, , and d
f
.
In tables 5 and 6, we give the results for #, , and d
f
. The errors were obtained by blocking. This
information is also displayed in gures 7a{d. Several interesting observations can be made. The rst
one is that the density of loops, 
 = #=N
3
, falls o exponentially for   
c
. This means that loops
become exponentially suppressed in this coupling region. This is hardly surprising as this region is the
spin wave phase, where the dominant degrees of freedom are spin waves. Note that here 
 does not
show much nite size eect, in contrast to the vortex phase,   
c
, where indeed there are nite size
eects. The second observation is the similarity between  and d
f
. It appears that, on average, the
larger the loops, the more they (self)intersect. Again note that the results for N = 12 and N = 16 are at
most a few  away from one another in the coupling region 0:30 <  < 0:60, supporting the observation
made earlier that these lattice sizes are large enough to obtain reliable results for vortex loops.
3.3 (l) and `.
Figures 8a and 8b depict the behavior of (l) versus l for 16
3
lattices at  = 0:30 and  = 0:60,
respectively. Again we see dierent behavior on either side of the phase transition. The presence of a
constant for  < 
c
is clear, while for   
c
, there is an exponential suppression of larger loops. Notice
that there still are a small number of loops with lengths a few times the linear extension of the lattice.
In tables 7 and 8, we present the results for tting (l) to (7c). For 16
3
we have plotted a and b from
this t in gure 9. Note that both a and b behave (roughly) linearly for 0:45    0:60. An estimate
would give a  2:36   1:14, and b  6:8  9:8. The fact that the parameter a becomes non-zero for
 > 
c
is, of course, related to the exponential suppression of vortex loops found in the previous section.
Turning our attention now to the vortex phase, we see that the parameter b is constant, albeit with
large errors. An estimate of b in this region would give b  2:2(3). For a, we would estimate a  0:01(7).
These values are consistent with the results from [11]. The results for the spin wave phase do not agree,
mainly due to the absence of an exponential factor in [11].
5
As we have made 10 batches per run, we can average over the length of the largest loop per batch to
get an estimate for the length of the largest loop for a given -value. This average length, `, is presented
in table 9. We have also made a log-plot of these data in gure 10. It should be kept in mind when
reading tables 7 and 8 that l runs essentially from 0 to `. Notice that ` scales dierently on either side
of the phase transition.
4 Conclusions and discussions
The picture of the phase transition is now quite clear. As  & 
c
, we see that the loop density 

increases, while the average length  remains constant, or increases slightly. As  > 
c
, but quite close
to 
c
, the loop density remains constant, while the average length increases sharply. If we make an
estimate in this region of how many loops of length  can t in, say, a 16
3
lattice, we nd that at
 = 0:48 there are on average 125 loops in the system. The average length at that -value is 10.6. We
can accommodate a loop of such a length in a 3
3
block. So we see that about the maximum number of
loops are present in the system. As  is further decreased into the vortex regime, we see that the loop
density remains roughly constant, while the average length increases roughly linearly with decreasing
. So around the phase transition, the length of the loops is becoming so large that dierent loops
start touching one another, and will fuse to form one, large loop. This loop will necessarily have many
self-intersections, which can be witnessed from the behavior of d
f
in this region, and from the similarity
between  and d
f
. At the phase transition, nally, these long loops start percolating through the lattice.




(r)! c 6= 0 for large r.
All this also indicates that the dierent loops interact rather feebly with one another, if at all. If
they would have interacted more strongly with one another, we would expect only a handful of larger
loops at -values slightly above 
c
, instead of roughly 100 short loops, lling the whole lattice. Another




fall o with the same exponent for  > 
c
. Figure 4b shows both at
 = 0:55. For this -value, there are on average 80 loops in the system. Had the loops interacted with
one another, we would have seen a dierence in behavior between the two correlation functions. This is,
of course, not very surprising. Since a single loop may consist of links j = 1, as well as of links j =  1,
we expect no signicant interaction between links of opposite sign, nor of like sign. Any interactions
between links would lead to the collapse of the loops they constitute.
The onset of percolation also explains the absence of an exponential in C
s
and  for  < 
c
. As
percolating loops destroy any long range order, these exponentials cannot be accustomed for, and are
absent, or small, due to nite size eects.
The description in terms of the eld ' is the following. For couplings above 
c
, the system exhibits
a nite mass a. At 
c
, the system undergoes a symmetry breaking phase transition, at which the mass
vanishes. Furthermore, a condensate is formed, which is witnessed by the constant c. In this condensate,
the ' elds form weakly bound states.
So the picture of the phase transition in the 3-d XY model is the following. At large couplings ,
the system is dominated by spin waves, and allows only a few, small vortex loops. As the coupling  is
lowered, the number of loops increases, but the average length remains constant. As  approaches 
c
,
the number of loops becomes so large that they start to fuse, and form longer, self-intersecting loops.
At 
c
, these loops start to percolate through the lattice. For  below 
c
, the system is described by
loops of all sizes up to N
3
. For all couplings , there is no noticeable interaction between the vortex
loops.




can be extended to other objects which are invariant under





behavior of monopoles in three (or more) dimensional U(1) gauge theory. The eld theoretic connection
of C
s
would then allow us to study the behavior of monopoles in these theories, hopefully including the




for Dirac strings will fail,
as these strings are gauge dependent.
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Figure 1: Spin conguration as given in (5). The spins are in the 1-3 plane. The links j following from
these spins are shown in gray. A link j










(y)'(y) >. Upper, gure 2a, a diagram
leading to b = 2 in equation 7c. Lower,gure 2b, a diagram that describes meson-like behavior of the

























Figure 3: The correlation function C
s
(r) versus r, from a 16
3
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versus r, from a 16
3
lattice for  = 0:30 (gure 4a,
















































Figure 6: The constant c from dierent lattice sizes, depicted versus . in the range  = 0:00 to  = 0:60
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Figure 7: The results for the loop density 
 = #=N
3
on a linear scale (top left, gure 7a) and on a
logarithmic scale (top right, gure 7b), and the average loop length  (bottom left, gure 7c) from all




only (bottom right, gure 7d). All quantities


















Figure 8: The loop density (l) versus l from 16
3
lattices for  = 0:30 (upper, gure 8a), and for





















Figure 9: The behavior of the exponent a (left scale), and the power b (right scale) from tting (l) to
(7c), from 16
3











Figure 10: The average length of the largest loop, `, versus  on a log-plot, from all four lattice sizes.
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Table 1: The results from tting C
s













































































































































































































































































Table 2: The results from tting C
s













































































































































































































































































Table 3: The results from tting C
s










































































































































































































































































Table 4: The results from tting C
s
(left columns) and C
d




N = 6 N = 8




0.00 4.48(6) 58.2(1.1) 1.2207(14) 8.37(8) 68.4(9) 1.2208(9)
0.05 4.48(5) 56.3(1.1) 1.2079(12) 8.57(11) 65.2(9) 1.2057(8)
0.10 4.66(6) 51.2(9) 1.1929(11) 8.73(8) 60.6(7) 1.1912(8)
0.15 4.77(7) 49.1(1.2) 1.1767(12) 9.12(8) 55.6(7) 1.1760(10)
0.20 4.88(6) 45.0(9) 1.1615(12) 9.30(9) 52.7(7) 1.1614(8)
0.25 5.06(6) 41.1(7) 1.1490(12) 9.76(9) 47.3(7) 1.1471(8)
0.30 5.18(7) 38.1(7) 1.1314(10) 10.00(10) 43.3(6) 1.1333(6)
0.35 5.48(8) 33.0(8) 1.1167(12) 10.84(11) 36.6(5) 1.1178(7)
0.40 6.07(9) 25.6(6) 1.0984(12) 11.91(13) 29.4(4) 1.1011(7)
0.41 6.16(11) 24.7(1.0) 1.0945(17) 12.20(17) 27.9(5) 1.0976(7)
0.42 6.63(12) 23.3(1.3) 1.0866(12) 12.91(17) 25.3(5) 1.0940(7)
0.43 6.76(10) 19.6(7) 1.0811(12) 13.43(18) 23.1(5) 1.0885(8)
0.44 6.87(9) 17.5(6) 1.0774(13) 14.51(2) 19.4(5) 1.0821(10)
0.45 7.11(7) 15.2(4) 1.0708(13) 15.4(2) 16.2(5) 1.0750(10)
0.46 7.06(8) 13.5(5) 1.0639(14) 16.0(2) 13.6(4) 1.0677(12)
0.47 6.92(13) 12.6(5) 1.0609(11) 16.18(13) 11.4(2) 1.0611(8)
0.48 6.92(7) 10.7(4) 1.0545(17) 15.87(12) 10.4(3) 1.0564(12)
0.49 6.80(7) 9.3(2) 1.0486(15) 15.49(10) 9.01(14) 1.0492(9)
0.50 6.25(8) 8.45(15) 1.0432(14) 14.65(12) 8.34(13) 1.0449(9)
0.525 5.35(8) 7.19(10) 1.0292(11) 12.35(14) 6.97(7) 1.0343(8)
0.55 4.37(8) 6.41(8) 1.0229(13) 10.14(11) 6.37(6) 1.0261(8)
0.575 3.26(8) 5.72(7) 1.0164(10) 7.91(14) 5.91(4) 1.0196(8)
0.60 2.60(6) 5.21(7) 1.0105(8) 6.30(8) 5.64(5) 1.0151(7)
0.65 1.51(4) 3.86(9) 1.0035(6) 3.69(6) 4.95(5) 1.0076(6)
0.70 0.89(4) 2.70(9) 1.0020(6) 2.08(4) 4.15(4) 1.0051(10)
0.75 0.52(3) 1.81(9) 1.0011(4) 1.17(4) 3.16(7) 1.0017(4)
0.80 0.274(18) 1.05(7) 1.0005(3) 0.66(3) 2.17(8) 1.0009(3)
0.85 0.165(12) 0.65(4) 1.0002(3) 0.37(2) 1.33(7) 1.0003(2)
0.90 0.119(13) 0.45(4) 1.0({) 0.232(18) 0.85(7) 1.00014(15)
0.95 0.053(7) 0.21(3) 1.0({) 0.120(16) 0.42(5) 1.0({)
1.00 0.035(7) 0.14(3) 1.0({) 0.068(12) 0.23(4) 1.0({)
Table 5: The results for #, , and d
f
for N = 6 and N = 8.
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N = 12 N = 16




0.00 23.89(16) 75.2(6) 1.2208(4) 54.2(2) 76.9(4) 1.2209(3)
0.05 24.61(16) 70.6(5) 1.2065(5) 55.7(2) 72.4(4) 1.2065(3)
0.10 25.97(18) 64.8(5) 1.1919(5) 58.6(3) 66.3(3) 1.1912(3)
0.15 26.84(16) 59.8(3) 1.1768(4) 60.4(2) 61.8(3) 1.1771(3)
0.20 27.75(18) 55.5(4) 1.1625(4) 63.2(2) 56.4(3) 1.1625(3)
0.25 29.27(16) 49.7(4) 1.1479(4) 66.4(3) 50.9(2) 1.1484(3)
0.30 30.54(17) 44.6(3) 1.1333(3) 70.0(3) 45.3(2) 1.1335(3)
0.35 32.8(3) 37.9(3) 1.1176(4) 74.8(3) 39.02(18) 1.1184(3)
0.40 35.8(2) 31.2(3) 1.1022(4) 82.0(5) 31.82(16) 1.1027(3)
0.41 36.6(3) 29.5(3) 1.0984(4) 84.3(4) 29.91(15) 1.0990(3)
0.42 37.8(3) 27.5(2) 1.0942(4) 86.2(3) 28.38(15) 1.0962(3)
0.43 39.6(4) 25.3(3) 1.0916(4) 89.6(5) 26.1(2) 1.0918(3)
0.44 41.2(6) 23.2(5) 1.0865(4) 94.0(6) 23.7(2) 1.0879(3)
0.45 45.2(5) 19.3(3) 1.0813(5) 103.8(1.0) 19.7(3) 1.0821(4)
0.46 49.5(6) 15.5(4) 1.0742(6) 117.4(9) 15.1(2) 1.0740(4)
0.47 53.3(3) 11.7(3) 1.0638(7) 124.3(5) 12.32(12) 1.0670(4)
0.48 53.0(3) 10.55(14) 1.0599(6) 125.3(4) 10.61(8) 1.0603(4)
0.49 51.7(2) 9.24(8) 1.0526(6) 122.6(3) 9.48(6) 1.0544(3)
0.50 49.6(2) 8.52(2) 1.0488(5) 117.4(4) 8.53(4) 1.0488(3)
0.525 42.2(3) 7.17(4) 1.0368(5) 100.3(3) 7.21(3) 1.0380(4)
0.55 34.0(3) 6.42(3) 1.0281(5) 81.8(3) 6.480(17) 1.0295(3)
0.575 27.2(2) 5.90(3) 1.0212(5) 64.1(3) 5.953(17) 1.0223(3)
0.60 21.2(2) 5.62(3) 1.0175(5) 50.3(4) 5.604(15) 1.0176(3)
0.65 12.97(18) 5.21(2) 1.0104(4) 30.1(2) 5.195(14) 1.0107(3)
0.70 7.40(13) 4.92(2) 1.0050(5) 17.5(2) 4.922(13) 1.0062(3)
0.75 4.40(7) 4.68(3) 1.0026(3) 10.30(15) 4.750(19) 1.0041(3)
0.80 2.63(6) 4.30(6) 1.0019(3) 6.06(8) 4.670(19) 1.0024(3)
0.85 1.52(4) 3.40(7) 1.0007(3) 3.61(5) 4.41(3) 1.0009(2)
0.90 0.70(3) 2.22(8) 1.0005(2) 2.06(4) 3.76(7) 1.0007(2)
0.95 0.54(3) 1.68(7) 1.0003(2) 1.20(3) 3.03(8) 1.0003(3)
1.00 0.31(2) 1.03(6) 1.0004(3) 0.73(3) 2.18(8) 1.00012(11)
Table 6: The results for #, , and d
f
for N = 12 and N = 16.
22
N = 6 N = 8
 a b c d(10
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Table 7: The results for tting (l) to (7c).
23
N = 12 N = 16
 a b c d(10
4



































































































































































































































































































































































































































































































































































































Table 8: The results for tting (l) to (7c).
24
 N=6 N=8 N=12 N=16
0.00 234(7) 527(11) 1660(30) 3870(60)
0.05 229(9) 504(10) 1640(30) 3750(60)
0.10 221(6) 488(16) 1561(19) 3540(60)
0.15 212(8) 471(15) 1490(30) 3410(50)
0.20 204(6) 452(12) 1410(30) 3240(40)
0.25 199(7) 421(12) 1330(30) 3020(50)
0.30 182(5) 399(15) 1240(30) 2800(60)
0.35 173(6) 365(11) 1130(30) 2530(50)
0.40 151(9) 328(20) 960(30) 2160(70)
0.41 158(14) 317(18) 940(40) 2030(80)
0.42 150(8) 306(14) 880(40) 1950(50)
0.43 139(9) 300(20) 850(40) 1830(60)
0.44 137(11) 272(12) 811(13) 1700(50)
0.45 128(13) 250(30) 710(50) 1460(150)
0.46 123(14) 210(30) 580(90) 1040(200)
0.47 118(17) 170(40) 350(90) 610(170)
0.48 95(16) 140(30) 340(80) 390(50)
0.49 80(16) 120(30) 230(60) 230(30)
0.50 65(11) 90(20) 170(40) 180(40)
0.525 45(9) 62(19) 90(20) 91(11)
0.55 36(5) 40(11) 51(6) 61(9)
0.575 26(5) 30(10) 46(10) 48(6)
0.60 21(3) 27(6) 33(12) 43(11)
0.65 14(3) 20(5) 23(4) 22.4(1.5)
0.70 11(3) 13.2(1.6) 16(3) 17.6(1.2)
0.75 10(2) 11.8(2.0) 13(2) 17(3)
0.80 7.6(1.2) 8.8(1.3) 10.4(1.2) 13(2)
0.85 7.2(1.8) 7.2(1.6) 9.4(1.3) 12(3)
0.90 6.2(1.4) 6.8(1.0) 8.6(0.9) 9.6(1.7)
0.95 5.2(1.6) 6.4(1.5) 7.4(0.9) 9.0(1.8)
1.00 5.0(1.6) 5.2(1.3) 7.0(1.0) 8.4(1.2)
Table 9: The results for the average of the largest loop, `.
25
